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Abstract 
We prove in ZFC that for every sequentially continuous o-dense function f which maps 
a dyadic compacturn onto a Tychonoff space Y, there exists a closed subspace Z G D' such 
that f [Z] = f [ 0'1 and the restriction of f to Z is continuous. Moreover, the range of every 
such mapping f is a dyadic compacturn. 
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Our terminology and notation are the same as in [51. In particular, we say that a 
space X is of countuble pseudocharacter, if each point in X is G,. 
It is well known that a sequentially continuous mapping of a topological space 
need not be continuous. This can happen even if the space satisfies very strong 
separation conditions, and has many convergent sequences (see [1,71). The original 
motivation for this paper was to study sequentially continuous functions that map 
dense subsets of the domain to dense subsets of the range. We call such functions 
dense maps. Note that every continuous map is dense. It thus makes sense to ask 
under which conditions a dense, sequentially continuous map must be continuous. 
We are also interested in the question whether images of dyadic compacta under 
dense, sequentially continuous maps are dyadic compacta. But the paper does not 
contain a single theorem on dense maps. All our theorems generalize to a broader 
class of functions and are formulated in this more general form. 
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Wecallamap f:X + Y w-dense iff f [A] is dense in the range of f whenever 
A is a subset of X that meets every nonempty G,-subset of X. Note that every 
dense map is o-dense. Let us consider a few examples that illustrate the relation- 
ship between continuous, dense and w-dense maps. 
Example 1. If X is of countable pseudocharacter, then every map with domain X 
is o-dense, but not necessarily dense: Take any such X that can be decomposed 
into two disjoint dense subspaces X0 and Xi. Then the map fO : X --$ 10, l} defined 
by f(x) = i iff x EX~ is not dense. 
Example 2. Suppose r is an infinite cardinal such that there exists a sequentially 
continuous, discontinuous function fI : D’ + Y, where Y is dyadic compacturn. Let 
us also assume that r is big enough so that Y is the range of a continuous function 
fi with domain D’. Let us identify elements of Da with subsets of (Y. Define a 
function f3 : O’+i + Y by: f&x) = f,(x) if T CC x, and f&x) = f2(x\{7)) if r E x. 
This function is dense, sequentially continuous, but not continuous. 
Our first principal result is Theorem 6. To prove it, we have to recall some 
classical results and we shall use the following characterization of w-denseness. 
Proposition 3. Let f be any map from a space X onto a space Y. Then f is o-dense iff 
for every nonempty open subset Vof Y there exists a nonempty Gs-subset U of Xsuch 
that f [Ul c V. 
We omit the straightforward proof of this proposition. 
Let T be an uncountable ordinal. By 2 we denote the subspace of D’ that 
consists of all functions x in D’ such that I x-‘(l) I Q N,. We need the following 
two classical results. 
Proposition 4. Let f : D’ + Y be a sequentially continuous function. Then the 
restriction off to 2 is continuous. 
Proof. Indeed, 2 is a Frechet-Urysohn space [9]. Since the restriction of f to 2 is 
sequentially continuous, it is also continuous. 0 
Proposition 5. Let 7 be any cardinal, and let .Z ED’. Then D’ is the Stone-?ech 
compactifcation of 2, i.e., each continuous function from 2 into a compact 
Hausdor# space Y can be extended to a continuous function from D’ into Y. 
Proof. See [6]. q 
Theorem 6. Let 7 be any cardinal, and let f : D’ + Y be a sequentially continuous, 
o-dense map from D’ onto a compact Hausdorff space Y. The Y is a dyadic 
compactum. 
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Proof. Let f, Y be as in the assumptions. Since 2 intersects every nonempty 
G,-set, f[J?] is dense in Y. Moreover, by Proposition 4, the restriction f I iZ of f to 
2 is continuous. Now let g : D’ --, Y be a continuous extension of f 12. By 
denseness of f[2] in Y, the function g maps D’ onto Y, and thus witnesses that Y 
is a dyadic compactum. q 
We also need the following classical result of Mrowka [8, Theorem 1.61. 
Lemma 7. Let A be any set and let X be a subset of DA such that for every point 
x E X there exists a G&-subset Y of DA such that x E Y c X. Then the closure of X 
coincides with its sequential closure. 
Definition 8. A mapping f of a space X into a space Y will be called a G,-mapping 
if the preimage .f-‘{y] of any point y of Y contains a nonempty G,-subset of X. 
Lemma 9. Let A be any set, and let f : DA + Y be a sequentially continuous o-dense 
mapping into a first-countable Hausdorff space Y. Then f is a G,-mapping. 
Proof. Let f : DA + Y be as in the assumptions. Let y E Y, and let <UJn E w be a 
decreasing local base at y such that n new U, = (y]. By Proposition 3, for each U, 
we can choose a G&-set V, such that f [V,] c U,. Without loss of generality, we may 
assume that for each n, there is a countable subset B, CA such that for all 
x,x’ E DA, if x and x’ agree on the coordinates in B,, then x E V, iff x’ E V,. 
Now let x E fl mEo cl(U nam V,>. By Lemma 7, there exist sequences (x,,~)~ E w 
such that lim, Am~m k =x, and x, k E lJ rr,m I/:, for each m E OJ. Sequential 
continuity implies that lim,,, f(x,,,) = f(x), and since f(x,,,) E U,, we have 
f(x) E flm for each m E o. Since (U,),, Eg was chosen to be a local base at y, 
Hausdorffness of Y implies that f(x) = y. Now let B = U n EwBn. The same 
argument applies to all x’ which agree with x on B. In other words, the set 
W=(X’ED~: xIB=x’IB}isaG,-setwith f[W]={y}. 0 
Theorem 10. If f is a sequentially continuous Gs-mapping of a dyadic compactum X 
into a space Y, then there exists a closed subspace Z of X such that f [ Z] = f [ X], Z is 
a dyadic compactum, and the restriction off to Z is continuous. 
Proof. Without loss of generality, we may assume that X is DA for some set A. To 
see this, let f : X -+ Y be as in the assumptions of the theorem, and let g : DA --) X 
be a continuous surjection. If T is a closed subspace of DA such that T is a dyadic 
compactum, f Q g[T] = f 0 g[DA], and the restriction of f 0 g to T is continuous, 
then Z = g[ T] is as required. In particular, continuity of f I Z follows from the fact 
that the restriction of f 0 g to T is a closed, hence quotient mapping. 
We shall call a subset U of X special, if U is a G,-subset of X such that f [U] 
consists exactIy of one point. Let y be the family of a11 special subsets of X, and 
let Z be the union of y. We are going to prove that Z is closed in X. 
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Let x EX be any point in the closure of Z. By Lemma 7, there is a sequence 
X = {x,: n E 01 cZ, converging to x. We put y =f(x> and y, =f(x,J, for each 
n E o. Since f is sequentially continuous, the sequence 7 = { y,: n E w) converges 
to y. Since all members of X belong to Z, there is a countable subset S of A such 
that if we change coordinates of members of 2 outside of S in any way, we shall 
get points with the same images in Y. It follows that if we change the coordinates 
of the point x outside of S in any way, we shall get a point with the same image y. 
Therefore, x belongs to a special subset of X (corresponding to the countable set 
S), which implies that x E Z. Thus, Z is closed in X. 
Since f was assumed to be a G,-mapping, it is clear that f[Z] =f[X]. 
Let us now show that the restriction of f to the subspace Z is a continuous 
mapping. Take any subset B of Z, and let z E Z be any point in the closure of B. 
From the definition of Z it is obvious that there is a subset C of Z, which is the 
union of a family of G,-subsets of X, such that B c C and f[Cl = f[Bl (to see 
this, for each point of B fix a special subset of X, containing this point). Clearly, z 
belongs to the closure of C. But then by Lemma 7, z belongs to the sequential 
closure of C. Since the mapping f is sequentially continuous, it follows that f(z) 
belongs to the closure of f(C), which is the same as the closure of f(B). Thus, f 
restricted to Z is continuous. 
It remains to show that Z is a dyadic compacturn. Observe that Z is a G,-subset 
of DA, since Z is closed in DA and is the union of G,-subsets of DA (see [4, 
Corollary 11). On the other hand, it is well known that every closed subset of DA, 
which is a G, in DA, is a dyadic compacturn [31. Therefore, Z is a dyadic 
compacturn. q 
Corollary 11. Zff is a sequentially continuous Gs-mapping of a dyadic compactum X 
onto a Hausdorff space Y, then Y is a dyadic compactum. 
Theorem 12. Zf f is a sequentially continuous w-dense mapping of a dyadic com- 
pactum X onto a Tychonoff space Y, then there exkts a closed subspace Z of X such 
that f [ Z] = f [ X] and the restriction off to Z is continuous. 
Proof. First suppose that X = DA for some A, and let f : DA + Y be as in the 
assumptions. Suppose that Y c I”, let rra : I” + Z be the ath projection map, and 
let c, = rr, 0 f. Then each c, satisfies the assumptions of Lemma 9, and hence 
each c, is a G,-map. For each (Y < K, let Z, be the subspace of DA constructed in 
the proof of Theorem 10. It is not hard to see that if {czr, . . . , ak} is a finite subset 
of K, then Zal n . . - n Zak is the union of all subsets of DA that are special with 
respect to each c,~. The argument used to prove Theorem 10 shows that for every 
y E Y the set c;‘(7rJy)) n 1. . n c&~(~~,,(Y)I n Zul n . .- n Zak is closed and 
nonempty. Moreover, the restrictions of c,,, . . . , cnk to Zal n . . * n Zak are contin- 
uous. It follows that if we define Z = fl (t < .Z,, then Z is a closed subspace of DA 
such that f [Z] = Y and for each a < K, the restrictions c, 1 Z is a continuous 
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function. The latter implies that f 12 is a continuous function, and we have proved 
the theorem for the special case X = DA. 
For the proof of the general case let f : X + Y be as in the assumptions, and fix 
some A and a continuous surjection g : DA + X. A straightforward verification 
shows that the composition f 0 g is sequentially continuous and w-dense. By the 
special case of the theorem that has already been proved, there exists a closed 
subspace W of DA such that foglW is continuous and f~g[W]=f~g[DA]. 
Then 2 = g[ W] is as required. (Again, continuity of f I 2 follows from the fact that 
g is a quotient map.) q 
Corollary 13. If a Tychonoff space Y is the image of a dyadic compacturn under a 
sequentially continuous w-dense mapping, then Y is a dyadic compacturn. 
Proof. By Theorem 12, Y is compact, thus Theorem 6 applies. 0 
Remark 14. In the last corollary, the assumption that Y is Tychonoff can be 
weakened to “regular TI”. This was shown in [2]. 
We would like to thank the referee for pointing out a gap in the original version 
of the paper. 
References 
[l] M. AntonovskiI and D. ChudnovskiI, Some questions of general topology and Tichonov semifields 
II, Russian Math. Surveys 31 (1976) 69-128. 
[2] A.V. Arhangel’skii and W. Just, Note of May 21, 1993. 
[3] B.A. Efimov, On dyadic bicompacta, Soviet Math. Dokl. 4 (1963) 496-500. 
[4] R. Engelking, Cartesian products and dyadic spaces, Fund. Math. 57 (1965) 287-304. 
[5] R. Engelking, General Topology (Heldermann, Berlin, 1989). 
[6] I. Glicksberg, Stone-Tech compactifications of products, Trans. Amer. Math. Sot. 90 (1959) 
369-382. 
[7] S. Mazur, On continuous mappings on Cartesian products, Fund. Math. 39 (1952) 229-238. 
[B] S. Mrowka, Mazur theorem and m-adic spaces, Bull. Acad. Polon. Sci. 18 (1970) 299-305. 
[9] N. Noble, The continuity of functions on Cartesian products, Trans. Amer. Math. Sot. 149 (1970) 
187-198. 
